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A NEW REPRESENTATION OF THE
TWO-DIMENSIONAL EQUATIONS OF THE DYNAMICS
OF AN INCOMPRESSIBLE FLUID+

V. M. ZHURAVLEV
Ul'yanovsk
(Received 7 July 1993)

A new representation is obtained for the equations describing the dynamics of an incompressible fluid in a
rotating plane and the fundamental properties of this representation are considered. New exact solutions,
which describe steady flows of an ideal fluid and, in particular, exact steady-state solutions for waves close to
the critical layer are constructed using it.

1. The equations of motion of an incompressible fluid in a rotating plane when there is external friction
and viscosity can be written in the form

u +uu, +vu, — fou+ p, —x(@u—-vAu=0

U, + UV, + VU, + fout py —x(tH)v-vAu =0 (1.1)

Uy +0, =0(A =32/ 0%x+09% /%)

Here, f; = const is the Coriolis parameter, x = k(¢) is the coefficient of external friction, p = p(x, y,
t) is the pressure divided by the density p = const, u, v are the velocity components in a Cartesian
system of coordinates (x, y) and v is the coefficient of kinematic viscosity. On introducing the stream
function y: u = dy/dy, v = —dy/dx, the pressure p is traditionally eliminated from the first two equa-
tions of (1.1) by cross differentiation, which gives the single equation in the stream function

i} i} d a d

— AP +—p — AP — — P — Ay = VAAY + KA 1.2

P axwayw aywaxw Y +KAY (1.2)
In the case of steady inviscid flows, this equation can be written in the form

Ay = F(p) (1.3)

where F(y) is a certain function of arbitrary form which is determined by the boundary conditions. As-
arule, Eq. (1.3) is the starting point in searches for the exact solutions of the equations of the dynamics
of an ideal fluid [1, 4, 5]. There has been increasing interest in these recently in view of the success of
the inverse scattering problem method (ISPM) in the theory of integrable non-linear partial differ-
ential equations [3].

Below, we present an alternative approach to the investigation of Eqs (1.1) which is based on their
successive analysis as a combination of three generalized differential laws of conservation of momen-
tum flow and mass. As a result, this approach yields a new general representation for Egs (1.2) and
(1.3) which leads to certain new exact relations and to exact solutions in the theory of incompressible
fluid flows.

Using the stream function y, Eqgs (1.1) can be rewritten in the form of a differential law for the
conservation of momentum flow per unit area
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9, —vAY x4 1) + (i + fyp + p) =0
ay dx

) d
3 W VAL iy $a) 4 V2 + fop + p) =0
which is equivalent to the following relations

W+ fp+p =“h,w"2 +fop+p=-g,
(1.4)
Y, ~VAY —KY +uu=h,, ¢, + VAP +KP +uv =g,

where h = h(x,y, t) and g = g(x, y, t) are certain auxiliary functions. Using the substitutions

h= %ln ¢+ hy(x,y.1), g= ‘—g—ln P+ go(x,y,1)
P=Ing(x,y,2), E(x,y,2)=2(p+ fo¥)
and some reduction Eqs (1.4) can be written in the form
E=—¢7'Ap + (o, + 80,)
¢ ~(VAIng~xIng)p = (hy, — go,)$/ 2 (1.5)
Pex = Py = (hoy ~ 8009, — 20 = (B, +£0))¢
The last three equations can be represented in a more compact complex form
¢ ~(vAlng-xIng)p =i(R, - R;)¢ /2

2¢, = R,$, 2¢; =R:¢ R(z,Z.0)=iky—g (1.6)

Zmx+iy, 9, = —%('a, —id,), A=49,9;
The substitution R(z, Z, t) = d0(z, Z, t)/oz where Q(z, Z, 1) = Az, Z, t) + iB(z, Z, t) and the functions
Az, z, t) and B(z, Z, t) are real, reduces system (1.6) to the form

¢ —(vAlng-xIng)p = pAB/ 4 1.7)

20, = 0.9 205 =0z¢

while the first equation of system (1.4) for E takes the form
E=-¢'A¢p+8A/2 (1.8)
It is proved in this manner that the initial system of Egs (1.1) is equivalent to the system of Eqgs (1.6)
or (1.7). It follows from this that system (1.6) (or (1.7)) is equivalent to Eq. (1.2) and is a certain non-

trivial representation of it which resembles the Lax representation in ISPM [3]. In the case of steady
inviscid flows, Eq. (1.3) with an arbitrary function F(¢) must be equivalent to the pair of equations

2¢, = Ay, 205 = Ax (1.9
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containing a certain real function A(z, ).

The equivalence of Egs (1.6) to Eq. (1.2) and of Egs (1.9) to Eq. (1.3) can also be established by
another method which is based on the explicit calculation of the compatibility conditions for the pair
of equations (1.9) and the pair of equations corresponding to it in (1.7). In the case of (1.9), this
condition can be written in the form

3 (#) 2 () 1 p(1pelpfL )z

(%) )i (o) o (oe) o
0t 3? _ 9

D,=ax—2—a—y—2‘ Dz—Tay

The existence of the following identity, which is satisfied in the case of any differentiable function
¥ = In ¢ can be proved by direct verification

1 1 2 d o _d
- - =2 v Aav-_L.w-L 1.
D|[¢Dz¢) D2(¢D|¢) ay“’axA‘" ax“’ay‘“" (1.10)

which also provides a more elegant proof of the equivalence of (1.9) and (1.3). Using analogous
calculations, one can transfer from system (1.7) or (1.6) to Eq. (1.2)

2. One of the simplest applications of the representation obtained is the possibility of a straight-
forward analysis of a number of properties of the initial system which is rather difficult to do starting
out directly from its initial form (1.1) or the representation (1.2), (1.3).

1. The external friction can be eliminated from (1.6), and the system reduced to a simpler form. To
do this, let us put

¢=9¢% a(y=oagexp{fx()dt}, v'(t)=4da(r)v

2 dt
R = 2G_R' _..2 —_ l _l ', ==
oo —1) % ng’, '=§ poras 2.1

System (1.6) then takes the form
& ~VvoAIng=i(R, - R;)p /2
20, =R.9, 207 =R;¢

in which the prime on the variables has been omitted. It also follows from this that, when x = 0 the
transformation (2.1) correspond to scale transformations of the variables so that, if ¢z, Z, f) is a
solution of Eqgs (1.6) the function ¢” (z, Z, #) is also a solution of Egs (1.6).

2. System (1.1) is invariant under a change to a reference system which is undergoing translational
motion with an arbitrary variable velocity C = (u(t), vo(f)) with respect to the initial reference system.
Here, the inertial forces are compensated by a redistribution of the pressure in the system. The
corresponding transformations of the functions occurring in system (1.6) are as follows:

¢ — ¢(z',2°.1") = ¢(z,Z.t)exp{(zc + Zc) 1 2}
R R(2,2°,1')=R(z.Z,0)~ 2cIn{¢’} +i(z%¢ - c22) /1 2 22)

2o =z+ifc(t)dt, =t

c(ty = —vg(t)—iug(t), ¢=dcldt
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3. System (1.1) is invariant under a change to a reference system which is uniformly rotating at a
constant angular velocity @y with respect to the initial reference system

o p(z'.7 1) = ¢(Z,Z,t)exp{(—-wozi - 4vw0t)/ 2}
R—=PR (It )= [R(z, Z,t)-4wyZIng’ —222zw0]exp{—2iw0t}
z—>z7' = zexp{Ziwot}, t'=t, Im{u)o} =0, g =const (2.3)

In this case, the inertial forces are again compensated by a redistribution of the pressure in the

system.
To avoid mentioning the existence of time-dependent solutions associated with the above

motions of the reference system as a whole, we shall refer to all the solutions as steady-state if a suit-
able reference system related to the initial one by transformations (2.2) and (2.3) is found such that
¢y =0, that is, (z’, Z°) = ¢z, Z, ¢) in it, where 2, 2’ are complex coordinates in the new reference
system.

4, System (1.1) has a Cauchy-Lagrange integral which corresponds to a potential flow of the fluid
21, +u® +v? + E = const (2.4)

where 1 is the stream potential. The class of solutions which describes this type of flow within the
framework of the present approach is parametrized as follows:
R(z.Z,0) = r(z,t) + 3(Z,1) 235)

where the functions r(z, ¢), g(z, t) and ¢y(z, t) are related by the two equations
b0z =90 Por =990 (2.6)

so that one of the functions turns out to be arbitrary. In this case, the stream potential is equal to
N = i In {gy(z, t)/9o(Z, )}. We also note the well-known fact that the solutions of Eqs (2.6) describe a
purely vortex-free motion of a fluid if the function gy is analytic in the whole of the complex plane. If,
however, there should be poles, the corresponding solutions will describe potential flows with singular
vortices.

The relation

W+v? +E+0+AA/2=0 27

which follows from Eq. (1.8) is an analogue of the Cauchy-Lagrange integral (2.4) for fluid motion
with a non-zero vorticity @ = Ay. This exact relation, which plays the role of an energy integral, holds
both in the case of an ideal fluid as well as in the case of a viscous fluid.

3. The representations obtained provide a natural method of constructing certain types of exact
solutions of the initial equations. Actually, to analyse system (1.6), use can be made of the fact that the
last two equations of this system are ordinary second-order differential equations. Hence, each of
these equations taken separately has two linearly independent solutions. If one of them has the
solutions ¢; and ¢,, the second has the solutions ¢, and ¢, which are the complex conjugates of them.
The requirement that just one of the linearly independent solutions of these equations should be real,
that is, either ¢, = @, or ¢, = 9, is a necessary condition for system (1.6) to be equivalent to the initial
system (1.1). The simplest case corresponds to the reduction

=01, =90, (3.1)
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It can be verified that, in the case of an ideal fluid, solutions of this type are steady-state solutions.
Relations (3.1) imply the commutativity of the operators

L=0%/0z*~R,, L=03"/37>-R;

Direct calculation of the commutator of these operators leads to the condition R, = f(2), R; = f(Z)
which, when the vorticity is non-zero, is equivalent to the condition for steady flow in accordance with
the definition given above.

The simplest solution of this type can be constructed from the solutions of Eq. (2.6). Let ¢,(z) and
#,(z) be two linearly independent solutions of Eq. (2.6) in the case of a certain function R(z, Z) = r(2)
+ g(2). In this case, the simplest steady-state solution which satisfies condition (3.1) will be the
function

®(2,2) = ¢ (2) + B2 @) +161(2)82(2)+79,(2)8, (D) (32)

where o and B are real, and yis a complex constant. Let us now calculate the vorticity o for the stream
function y = In®(z, Z): ® = A{Iln ®}. Substituting (3.2) into this formula, we obtain

@ = (0B~} Jol' @2 = (B~ o e2? (33)

where 6 = ¢,¢' — ¢,¢'1 = const. Equation (1.3) can therefore be written for this type of solution in the
form of Liouville’s equation

Ay = (aB -y )lol2 eV /4 (34)
A simple generalization of (3.2), which again is a solution of Eq. (3.4), will be
O(2,2) = |w(z)|2(a|¢ L@ +Ble 22 +781(2)92(2) +79,(2)8, (2)) (3.5)

where the functions ¢, and ¢, are linearly independent solutions of the equation
B +(w,w )¢, = 1,9 (3.6)

Although the solution (3.5) is obtained from (3.2) by a simple substitution for the function ¢, it is
nevertheless of some interest in view of the fact that, among the solutions (3.5), it is possible to pick
out a particular class of solutions of the form

®(2,2) =W (N(s(2,2) + C), C=0,+1,-1
3.7
5(2,2) = f(w(2)) 2dz + [(W(Z)) 2 dZ + 5,

In the case of an arbitrary function w(z), we have N(s) = cos(js) when pu = const # 0, and Im {u} =
0 and N(s) = s when p = 0. However, with a special choice of w(z) in the case of an ideal fluid, two
classes of solutions exist for which the structure of the streamlines is fixed, but the magnitude of the
velocity in the streamlines can be arbitrary, that is, the function N(s) is arbitrary and the functional
dependence s = s(z, ) is fixed. These are axially symmetric flows ®(z, Z) = ®(r), w(z) = 2 and solutions
of the form ®(z, 2) = ®(x), where x = r 2 cos {340 + 6}. Here, ”” = zZ = |z|2 and 6 = (i/2) In {z/z} is
the polar angle. There is an analogous class of solutions in the case of a viscous fluid with a special
choice of the function w(z) = Az'?, where A is an arbitrary complex constant, which is identical to the
well-known class of generalized Hamel solutions [1] (see Section 5 of this paper).

We also note that, in the case of Liouville’s equation, a general representation of the solutions is
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well known [2] which is referred to in [4, 5], for example, but not analysed in detail, and which can be
written in the following form

®(2,7) = of () 3 (L + | F )

where f(z) is an arbitrary analytic function. It can be shown that this solution is a special case of solu-
tions of the type (3.7). The representations (3.2) and (3.5) which have been obtained are a more
general form of this solution and they are more convenient when carrying out actual calculations.

4. The subclass of solutions which describe stationary waves close to a critical layer serves as an example of the
use of the solutions (3.2) in applied problems. In Eq. (2.6), let us put dridz = E2, & = const, Im § = 0. Then, the
functions ¢4(z) = sin &z, ¢,(z) = cos &z may be chosen as the independent solutions ¢,(2) and ¢,(z). On substituting
these functions into (3.2), we obtain

®(z,7) =L(x,y) = achEy + bsinEx 4.1)
Hence
9 EashEy 9 —EbcosEx
=L Int = , Um e nl - 2203 .
u 3 ng ) v o Int ) 4.2)

The constants a and b therefore have the meaning of the wave amplitudes in the 4 and v components of the
flow. Let us now calculate the mean velocities

_5‘21!/& 2 .2 1Y
U(y)-27|: [ u(x,y)dx = a(a® ch®Ey—b*) "2 shky 43)
0

v E 2n/E
(y)-a { v(x,y)dx =0

When a > b, the flow under consideration is smooth and represents a wave in a plane-parallel shear flow with
a mean velocity U(y). The wave amplitude maximum occurs at the critical point y = 0 where the phase velocity
of the wave is identical to the flow velocity. This solution was obtained in the case of a reference system moving
at the phase velocity of the wave.

When a = b, a periodic change of singular vortices, which move at the phase velocity of the wave, appears along
the line of the critical layer. In this case, the mean velocity is constant throughout the whole fluid layer and
undergoes a finite discontinuity at the pointy = 0: U(y) = sign(y). This flow regime is potential: ® = Ay = 0.

When b > a, the singular vortices are converted into finite vortex lacunae which move at the phase velocity of
the wave, on the edges of which the velocity becomes infinite. Outside of the domain a*ch & < b?, the mean
velocity is described by the same formula (4.3). Within the domain, the mean velocity is undefined.

Using the technique for the constructing multi-soliton solutions [3], it is possible to construct a large number
of exact solutions which describe a flow when there are several critical layers with a constant average velocity at
infinity. Similar solutions can also be written out in polar coordinates.

5. In conclusion, let us consider two types of viscous flows which are closely associated with the preceding
analysis of exact solutions in the case of ideal fluid flows. Solutions, which correspond to representation (3.7), are
these special classes of solutions. With the special choice of w(z) = Az"Z, where A is a real constant, the equation
for N(s) takes the form of the following equation

dInN/dt—-ve 232 InN/as*> =0 ¢.1)

which describes unsteady, axially symmetric flows of a viscous fluid. In the case when A is a complex constant, the
solutions reduce to the well-known steady-state Hamel solutions.
Let A — k + im. The complete system of equations which describes flows of this type will then have the form
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2 (vian-Lp)
X \vlnN—EB} =0 (5.2)

1 d*N d*A _d°B

4 2

. d .
N "ot +:—-d52 —(k+1m)Z(A+tB)

Hence, eliminating A and B, we arrive at a single equation in x(s) = dN/ds
X —(2k + oYy +(m? + k) -~y +a(m? +k2) = 0 (5.3)
2v 2v

(a prime denotes differentiation with respect to s). In this case

1/ 2’( 2m
I- m? +k? lnr+m2 +k2 o

5= lnlz
Here r = |z| and 6 = (i/2)In(z/Z) are the radial and angular coordinates, respectively. Equations (5.3) precisely
correspond to the equations of generalized Hamel flows [1].

6. The above calculations show that the representation (1.6)—(1.9) of the equations of the dynamics
of an incompressible fluid can be useful when investigating flow structure and is possibly richer in
content than the representation (1.2), (1.3). Representations which are analogous to (1.6) can be
written out for the equations of fluid dynamics in the case of more general conditions such as, for
example, the case of a compressible ideal fluid or two-dimensional flows on a sphere which is of
interest in geophysics.

I wish to thank L. V. Ovsyannikov for an important remark regarding the existence of identity (1.10)
from which a simpler alternative derivation of the representation of the two-dimensional equations of
the dynamics of an incompressible fluid, constructed in Section 1, follows.
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